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Abstract
In this paper, we obtained the non-local residual symmetry related to truncated Painleve´ expan-
sion of Burgers equation. In order to localize the residual symmetry, we introduced new variables
to prolong the original Burgers equation into a new system. By using Lie’s first theorem, we got
the finite transformation for the localized residual symmetry. More importantly, we also localized
the linear superposition of multiple residual symmetries to find the corresponding finite transfor-
mations. It is interesting to find that the nth Ba¨cklund transformation for Burgers equation can
be expressed by determinants in a compact way.
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I. INTRODUCTION
The integrable equation has wide applications in the field of nonlinear science, like non-
linear optics, the theory of deep water waves and plasma physics, etc. It is well known that
there are many ways to obtain explicit solutions of integrable equations, such as the Inverse
Scattering transformation, the Hirota technique, symmetry reduction, Ba¨cklund transfor-
mation (BT), Darboux transformation (DT), the algebra-geometric method [1–6]. Among
which, the BT and DT is the most direct and efficient approach for the construction of exact
solutions (see, e.g., [7, 8]). It is interesting that, through iterations, one is often led to com-
pact representations in terms of special determinants such as the Wronskian or Grammian
for N-soliton solutions. The essential idea of BT or DT is to construct the solution of inte-
grable equations by the seed solutions, which means that there exist underlying symmetries
related to these transformations for the equations under consideration.
One of the most powerful method to prove the integrability of a model is the Painleve´
analysis developed by WTC (Weiss-Tabor-Canvela). For many Painleve´ integrable equation,
one can get corresponding truncated Painleve´ expansion which serving as as a BT for the
original equation. It is known that to search for non-local symmetries is of considerable inter-
est. Recent studies [9, 10] find that the symmetries related to truncated Painleve´expansion
is just the residue of the expansion with respect to singular manifold, so it is called residual
symmetry. Like other symmetries related to BT, the residual symmetry is nonlocal and
many research has been done to construct new solutions by using these symmetries. One of
the direct way is to prolong the original equation to localize the nonlocal symmetries and
then obtain new symmetry reduction solutions by standard Lie symmetry approach [11]. In
this paper, we will get BT for Burgers equation by localizing the residual symmetry and
then generalize the procedure to find the nth BT.
The Burgers equation
ut + uux = νuxx. (1)
with viscosity coefficient ν, is one of the most simplest integrable equation. It serves as
a fundamental equation in the field of fluid mechanics and also occurs in various areas of
applied physics such as the modeling of gas dynamics and traffic flow. The exact solutions
of Burgers equation have been studied by many authors. In Ref. [13], the infinite many
symmetries and exact solutions of Burgers equation are obtained by the repeated symmetry
2
reduction approach.
The paper is organized as followings. In Sec. II, we get the non-local residual symmetry
of Burgers equation and then localize it in a new prolonged system. The corresponding finite
transformation group is obtained by using Lie’s first theorem, consequently. In Sec. III, we
first localize the linear superposition of multiple residual symmetries by introducing various
new variables, then we get the nth BT of the prolonged Burgers system formulated in terms
of determinants.
II. LOCALIZATION OF RESIDUAL SYMMETRY AND RELATED BA¨CKLUND
TRANSFORMATION
As the Burgers Eq. (1) being Painleve´ integrable, we search for the truncated Painleve´
expansion in the general form
u =
α∑
i=0
uiφ
i−α, (2)
where uα is an arbitrary solution of the discussed equation while uα−1, uα−2, · · · , u0 are all
related to derivatives of φ. After substituting u ∼ u0φ
α into Eq. (1) and balancing the
nonlinear and dispersion terms, we have the truncated Painleve´ expansion as
u =
u0
f
+ u1 (3)
with u0 and u1 to be determined.
Now substituting Eq. (3) into Eq. (1), we get
u1t + u1u1x − νu1xx + φ
−1(u0u1x + u1u0x + u0t − νu0xx) + φ
−2(−u0φt + 2νu0xφx + νu0φxx
+ u0u0x − u1u0φx)− φ
−3φxu0(2νφx + u0) = 0, (4)
Vanishing the coefficients of φ−3 and φ−2, we get
u0 = −2νφx, (5)
and
u1 =
−φt + νφxx
φx
. (6)
While from the coefficients of φ0 and φ−1, we see that u0 is a symmetry of Burgers equation
(1) with u1 as a solution.
3
Substituting Eq. (6) into the coefficient of φ0 in Eq. (4), we get the Schwarz form of
Burgers equation as
Kt −KKx − 2νKxx + ν
2{φ; x}x = 0, (7)
where the Schwarzian derivative {φ; x} = φxxx
φx
− 3φ
2
xx
2φ2x
and K = φt
φx
are all invariant under
Mobious transformation, i.e.
φ→
a1φ+ b1
a2φ+ b2
, a1a2 6= b1b2. (8)
In other words, Eq. (7) possesses three symmetries σφ = d1, σ
φ = d2φ and
σφ = d3φ
2
with arbitrary constants d1, d2 and d3.
Since u0 is a non-local symmetry relating to the BT (3), one can naturally believe that
it can be localized to a Lie point symmetry such that we can use the Lie’ s first theorem
to recover the original BT. To this end, we prolong the Burgers equation into the following
system
ut + uux − νuxx = 0, (9a)
u =
−φt + νφxx
φx
, (9b)
g = φx, (9c)
and get the localized Lie point symmetry
σu = g, (10a)
σg =
φg
ν
, (10b)
σφ =
φ2
2ν
, (10c)
where d3 is fixed as
1
2ν
. It can be easily verified that Eq. (10) indeed satisfies the linearized
form of (9)
σφx − σ
g = 0, (11a)
σut + σ
uux + uσ
u
x − νσ
u
xx = 0, (11b)
σφxφt − σ
uφ2x + (νσ
φ
xx − σ
φ
t )φx − νσ
φ
xφxx = 0. (11c)
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The result (10) indicates that the residual symmetries (5) is localized in the properly
prolonged system (9) with the Lie point symmetry vector
V = g∂u +
φg
ν
∂g +
φ2
2ν
∂φ. (12)
Now we can get the finite transformation of Lie point symmetry (12) straightforwardly,
which can be stated in the following theorem
Theorem 1. If {u, g, φ} is a solution of the prolonged system (9), then so is {uˆ, gˆ, φˆ} with
uˆ = u−
2ǫνg
ǫφ− 2ν
, (13a)
gˆ =
4ν2g
(ǫφ− 2ν)2
, (13b)
φˆ = −
2νφ
ǫφ − 2ν
, (13c)
where ǫ is an arbitrary group parameter.
Proof. Using Lie’s first theorem on vector (12) with the corresponding initial condition
as follows
(14)
duˆ(ǫ)
dǫ
= gˆ(ǫ), uˆ(0) = u, (15)
dgˆ(ǫ)
dǫ
=
φˆ(ǫ)gˆ(ǫ)
ν
, gˆ(0) = g, (16)
dφˆ(ǫ)
dǫ
=
φˆ2(ǫ)
2ν
, φˆ(0) = φ, (17)
one can easily obtain the solutions of the above equations stated in Theorem 1, thus the
theorem is proved.
III. BA¨CKLUND TRANSFORMATION RELATED TO MULTIPLE RESIDUAL
SYMMETRIES
From the expression (5), we known that the residual symmetry depends only on the
solution of original equation in Schwarz form, i.e. Eq. (7) for Burgers equation. So there
exist infinitely many residual symmetries expressed by different solutions of Schwarzian
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equation and any linear superposition of these symmetries is also a symmetry of the original
equation. As for Burgers equation, the general form of a residual symmetry takes the form
σnu =
n∑
i=1
ciφi,x, (18)
for arbitrary positive integer n, where φi, i = 1, · · · , n are different solutions of Eq. (7).
We can also localize the residual symmetry (18) by prolonging the Burgers system (9)
further, which can be stated in the following theorem:
Theorem 2. The symmetry (18) is localized to a Lie point symmetry
σun =
n∑
i=1
cigi, (19a)
σφi =
ci
2ν
φ2i +
1
2ν
n∑
j 6=i
cjφjφi, (19b)
σgi =
ci
ν
giφi +
1
2ν
n∑
j 6=i
cj(giφj + gjφi), (19c)
where {u, φi, gi} is a solution of the enlarged system
ut + uux − νuxx = 0, (20a)
u =
−φi,t + νφi,xx
φi,x
, (20b)
gi = φi,x. (20c)
Proof. It is easy to write down the linearized form of the enlarged system (20)
σut + σ
uux + uσ
u
x − νσ
u
xx = 0, (21a)
σu =
νσφixx − σ
φi
t
φi,x
−
(νφi,xx − φi,t)σ
φi
x
φ2i,x
(21b)
σgi = σφix , i = 1, · · · , n. (21c)
To prove this theorem, we first consider the special case, i.e., for any fixed k, ck 6= 0 while
cj = 0, j 6= k in Eq. (18). In this case, we get the localized symmetry for u, φk and gk from
Eq. (10)
σu = ckgk, (22a)
σφk =
ckφ
2
k
2ν
, (22b)
6
σgk =
ckφkgk
ν
, (22c)
For j 6= k, we eliminate u through Eq. (20b) by taking i = k and i = j, respectively. Then
we have
φj,xx = −
φj,xφk,t
νφk,x
+
φj,xφk,xx
φk,x
+
φj,t
ν
. (23)
Substituting Eq. (22a) into Eq. (21b) with i = j and vanishing φj,xx through (23), we get
σφj =
1
2ν
ckφkφj, (24)
then the symmetry for gj can be easily obtained from (21c) with i = j
σgj =
1
2ν
ck(gjφk + gkφj). (25)
From the linear superposition property of symmetry, we get the desired result (19) by taking
linear combination of the above results for k = 1, · · · , n, the theorem is thus proved.
Now, we can obtain the finite transformations according to the localized symmetry (19)
by using the Lie’s first theorem and the corresponding initial value problem takes the form
dU(ǫ)
dǫ
=
n∑
j=1
cjΦj,x(ǫ), (26a)
dΦi(ǫ)
dǫ
=
ci
2ν
Φ2i (ǫ) +
1
2ν
n∑
j 6=i
cjΦj(ǫ)Φi(ǫ) (26b)
dGi(ǫ)
dǫ
=
ci
ν
Gi(ǫ)Φi(ǫ) +
1
2ν
n∑
j 6=i
cj(Gi(ǫ)Φj(ǫ) +Gj(ǫ)Φi(ǫ)) (26c)
U(0) = u, Φi(0) = φi, Gi(0) = gi, i = 1, · · · , n. (26d)
By solving out (26), we get the following nth Ba¨cklund transformation theorem.
Theorem 3. If {u, φi, gi, i = 1, · · · , n} is a solution of the prolonged Burgers system
(20), so is {U(ǫ), Φi(ǫ), Gi(ǫ), i = 1, · · · , n} where
U(ǫ) = u− 2ν(ln∆)x, (27a)
Φi(ǫ) = −2ν
∆i
∆
, (27b)
Gi(ǫ) = Φi,x(ǫ) (27c)
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with ∆ and ∆i are the determinants of

c1
2ν
ǫφ1 − 1 c1ǫµ1,2 · · · c1ǫµ1,j · · · c1ǫµ1,n
c2ǫµ1,2
c2
2ν
ǫφ2 − 1 · · · c2ǫµ2,j · · · c2ǫµ2,n
...
...
...
...
...
...
cjǫµ1,j cjǫµ2,j · · ·
cj
2ν
ǫφj − 1 · · · cjǫµj,n
...
...
...
...
...
...
cnǫµ1,n cnǫµ2,n · · · cnǫµj,n · · ·
cn
2ν
ǫφn − 1


, µi,j =
1
2ν
√
φiφj (28)
and

c1
2ν
ǫφ1 − 1 c1ǫµ1,2 · · · c1ǫµ1,i−1 c1ǫµ1,i c1ǫµ1,i+1 · · · c1ǫµ1,n
c2ǫµ1,2
c2
2ν
ǫφ2 − 1 · · · c2ǫµ2,i−1 c2ǫµ2,i c2ǫµ2,i+1 · · · c2ǫµ2,n
...
...
...
...
...
...
...
...
ci−1ǫµ1,i−1 ci−1ǫµ2,i−1 · · ·
ci−1
2ν
ǫφi−1 − 1 ci−1ǫµi−1,i ci−1ǫµi−1,i+1 · · · ci−1ǫµi−1,n
µ1,i µ2,i · · · µi−1,i
1
2ν
φi µi,i+1 · · · µi,n
ci+1ǫµ1,i+1 ci+1ǫµ2,i+1 · · · ci+1ǫµi−1,i+1 − 1 ci+1ǫµi,i+1
ci+1
2ν
ǫφi+1 − 1 · · · ci+1ǫµi+1,n
...
...
...
...
...
...
cnǫµ1,n cnǫµ2,n · · · cnǫµi−1,n cnǫµi,n cnǫµi+1,n · · ·
cn
2ν
ǫφn − 1


.
(29)
From theorem 3, we can get infinitely many new solutions from any any seed solutions
of Burgers equation and its Schwarz form. For example, taking the following kink soliton as
seed solution for Burgers equation [14], i.e.
u = −2kν[1 + tanh(kx+ 2νk2t)] (30)
with an arbitrary constant k, we get the solution of Schwarzian Burgers equation (7) by
solving out Eq. (20b), which takes the form
φi = Ai tanh(kx+ 2νk
2t) (31)
with arbitrary constants Ai, and then
µi,j =
√
AiAj
2ν
tanh(kx+ 2νk2t). (32)
Substituting Eqs. (30), (31) and (32) into theorem 3, we get a new kink soliton solution for
Burgers equation
u = −
2kν[(c1ǫA1 + c2ǫA2 − 2ν) tanh(kx+ 2νk
2t) + c1ǫA1 + c2ǫA2 − 2ν]
ǫ(c1A1 + c2A2) tanh(kx+ 2νk2t)− 2ν
(33)
for n = 2 case.
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IV. CONCLUSION AND DISCUSSION
To sum up, the non-local residual symmetry of Burgers equation related to truncated
Painleve´ expansion can be localized if we introduce a new variable g to eliminate the deriva-
tive of φ. Using the Lie’s first theorem to the Lie point symmetry of the prolonged system
{u, φ, g}, one can obtain the generalized BT for Burgers system which include the truncated
Painleve´ expansion as its special one.
Furthermore, we also obtained the finite transformations for linear superposition of mul-
tiple residual symmetries, which is equivalent to the nth BT for Burgers. From theorem 3,
It is interesting to find that the nth BT can be constructed in terms of determinants in a
compact way and various solutions, including soliton solutions, can be obtained through it
if the seed solutions are given. It should be noted that the commutable property for BT
or DT becomes trivial in the framework of symmetry, because any symmetry group allows
commutativity law in addition algorithm.
In this paper, we discussed the only for the localization of residual symmetry for con-
structing new BT for Burgers equation. It is obvious that the the same procedure can
be executed for other nonlocal symmetries, such as those obtained from Ba¨cklund trans-
formation, the bilinear forms and negative hierarchies, the nonlinearizations [15, 16] and
self-consistent sources [17] etc. We believe that the idea is rather general and could be
applied to other physical interested models as well.
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